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In this article, the Durrmeyer-type generalization of the parametric modified
Bernstein operators is studied. Then the central moments and the Korovkin-type
theorem are given. Rate of approximation of the constructed operators are found by

using modulus of continuity, with the help of functions from Lipschitz class and
Peetre- X functionals.

1. Introduction

Approximation theory has an important place in studies in
the field of mathematics. In 1912, Bernstein (1912) proved the
approximation theorem defined by Weierstrass (1885) on the
closed interval [0,1]. In 2017, Chen et al. (2017) gave some
approximation properties of Bernstein polynomials, called the
6 —Bernstein polynomials. In 2018, the original Bernstein—
Durrmeyer type operators were defined and studied by Acar et
al. (2018). Based on these operators, Usta (2020) defined the
modified Bernstein operators for g € €[0,1], 7 € N and
x € (0,1) in 2020 as

7
By (g;x) = %Z (?) @ —nx)*x5 11— )15 1g (%)
=0

He evidenced the By (g; x) operators as follows

By(L;x) =1
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References (Cai et al., 2018; Aral and Erbay, 2019; Srivastava
et al., 2019; Kajla et al., 2020; Mohiuddine and Ozger, 2020;
Kadak and Ozger, 2021; Mohiuddine et al., 2021) are examples
of articles on parametric generalizations.

After that, 8 parameterization of modified Bernstein operators
defined for every g € C[0,1] by Sofyalioglu et al. (2020) as

n
* (
By g(g;x) = Z P2 (g (5) ¢y
=0
wheren >2,0<6 <1,x € (0,1) and
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with binomial coefficients

n!
@) ={a—ox

0 otherwise

ifo<{<n

They obtained the B, 4(g; x) operators as follows

Bo(L;x) =1
; n-—2 1
Bpo(t;x) = X+ -
n
+1-20)(n*—-7n+6
B:le(tz;x)z(n 2)(77 n+6) ,
’ n*(n -1
(5n?—116n+146—-8) n+2-30
n*(n—-1 n?n-1°

Selectioning 6 = 1, the operators B, 4(g; x) are reduced to
By(g;x) given by Usta (2020). Now, we introduce the

parametric generalization of the modified Bernstein-Durrmeyer
operators

2. Auxiliary results

Lemma 2.1

D;a(gi ) = —Z #2 [ pueara
wheren >2,0<6 <1,x € (0,1) and

] 0
Py =x,  pR@x)=1-x

A= (1
+L(? 2)“

+ (?) (¢ —nx)*0x(1 — x)}xf_z(l — x)"1=¢-2

)@ = (= D2 - o)

- (- 1D0*A-6)(1-x)

and

Png(®) = (?) (€ —nt)?t5~1(1 — )14,

For every x € (0,1), the operator Dy 4(t; x) has the following identities:

D;a(Lx) =1,
(n —2)* 3n—2
D;o(t; x) = x ,
no(6:%) nm+2)" nmn+2)

[(n* — 121 + 3502 + 12 — 36) —

0(2n3 — 26n% + 96n — 72)]

Dy (t%x) = nm+2)n+3)(n—-1)

[(57n — 24n — 36) — 6(11n? + 80n + 84)]

[(14n* - 23n —6) —

6(3n — 18)]

nm+2)n+3)(n—1)

Proof. For g(t) = 1, we get

ne(l x) ——Z (6)(x)f

n+1
=B

— s (1 -

1

=1.

nm+2)n+3)(n—1)

t)1=$1dt
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For g(t) = t, we have
n+1x tm
Dip(tin) =) o) fo (7) @ —ney2ef @ — pyr=¢-tat
7=0

n
_n+1 @, ~Mm—2)+2n
1 ;p’”(x)(nﬂ)(nﬂ)

n—2 2
=1 "B (t —
n+2 ”'g(t’x)+n+2
(77—2)2er 3n—2
nm+2)" nm+2)

For g(t) = t2, we obtain
n+1x tm
* [ iy
Do) =23 a0 [ (7)€ -t - o
7=0

_n+IN o, 01— 6)+ (71— 6) + 61

7 4P T aEDa+ 2m+3)
_ nm=6 . m—6 ¥ cp _
“mroa+3 O GTna GO a9

[(n* — 1203 + 3512 + 12n — 36) — 6(2n3 — 26n?% + 961 — 72)] 22
nm+2)m+3)(n -1

s [(57n% — 24n — 36) — 6(11n2 + 80n + 84)]  [(14n% — 237 —6) — 6(3n — 18)]
n@m+2)(n+3)0 - 1) * nm+2)(n+3)n - 1)

Lemma 2.2. Forevery x € (0,1), we get the central moments as

_(=bn+4)x+(3n—2)
B n(m +2)

1
nm+2)m+3)(n—-1)

Dpo(t —x;x)

Dy o((t —x)%x) = {—12x% — 48x + n3(—4x? — 6x + 3)

+12(50x?% + 49x + 18) + n(—34x% + 2x — 36)
—0[(2n3® — 2612 + 961 — 72)x% + (11n? + 80n + 84)x + (3n — 18)]}.
Proof. Briefly, central moments can express as
Dy o(t —x;x) = Dy o(t;x) — xDy 9(1;x),
D;0((t = X)%%) = D}, (t% %) — 22D}, (£ x) + x2D; 5 (1; %)
We can find the result of the lemma.
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Let C[0,1] be the Banach space of all continuous functions g on [0,1] with the norm

llgll = sup |g(x)I.
x€(0,1)

Theorem 2.1. Forevery x € (0,1) and g € C[0,1]

|D50(g;: %) = g()[| 2 0. 3)

Proof. In the light of Korovkin theorem (1953) and e;(t) = t%,i = 0,1,2 the proof is completed with the

gi_{gD;,e(eiix) =xi, i=0,12

equations.

3. Rate of Convergence
The modulus of continuity is stated by

w(g,6):= sup sup )lg(t) —g(x)|, 6>0,

|t—-x|<8 x€(0,1
where g € C[0,1].

It is due to the following feature of the modulus of continuity

|t — x|
8

19 = 9@l < (1+57) w(,8)

Theorem 3.1. Forevery x € (0,1) and g € C[0,1],
Dy 6(g; %) — g(x)| < 2w(g, 8y). (4)

Here,

1
8, () = [Dy o ((t — )% 0)]2.
Proof. For Dy,

|D;6(g; ) — g(0)| = |D;,0(g(t) — g(x); %)

< Dpe(lg(®) —g()|;x)
1
< (g,8) {D9(1i ) + 3 D501t = x1; 0}
1 1
< w(g,d) {1 +5 [D; o ((t — %)% x)]Z}.
If we choose

1
8 =8, =[D;o((t = )% 02

then we get

1
IDye(g; %) — g(x)| < 2w (g, [D,*],e((t —-x)% x)]i),

which completes the proof.

Here, we estimate the rate of convergence of D, 4(g;x) by
using functions of Lipschitz class.

Let’s recall that a function g € Lipy(¢) on (0,1) if the
inequality

lg(©) — gl <Mt —x|¢ ; V,x €(0,1) )

holds.

Theorem 3.2. Letx € (0,1), g € Lipy(¢),0 < ¢ < 1, thenwe
get

Dy 6(g; ) — g(x)| < M8 (x),
where 8, (x) = [D; o ((t — )% x)]%.

Proof. Let x € (0,1), g € Lipy(¢) and 0 < ¢ < 1. From the
linearity and monotonicity of the operators D, o we have

ID; 6(g: ) — g()| < D; 5(1g(®) — g(); )

< MDpg(lt — x| x).
By putting p = %, q= zi—c in the Holder inequality, we obtain

S
|D;‘,_e(g;x) - g(x)| < M[D,’;'e((t — x)z;x)]2 < Mé‘g(x).

By selecting

1
8, (x) = [Dyo((t —)% x)]?

we get the result.

22



Kanat et al. Levantine Journal of Applied Sciences / Volume 2 (2) (2022) 19-24

Ultimately, we mention the rate of convergence of D; (g;x)  proof of the main theorem. For x € (0,1) and g € C[0,1], we

operators with the help of Peetre—% functionals. Firstly, we  get
offer the following auxiliary lemma, which will be used in the

Theorem 3.3. Letx € (0,1) and g € C[0,1]. For every n € N we write
|Dpe(g;x) — g(x)| < 2K (g; 1,(x)),

where

2
Mm+2)(m+3)(n—1)

+(—18n% + 33n% + 547 — 72 — 6(11n% + 80n + 84))x

Ay (x) = |(973 + 2602 — 62 + 12 — 360(n — 6))

+(—4n® +50n2 — 34n — 12 — 6(2n° — 2602 + 961 — 72))x?|.
Proof. For a given function h € C2[0,1], we have the following Taylor polynomial
t
h(t) = h(x) + (t —x)h'(x) + f (t —s)h'"(s)ds, t € (0,1).
X

Applying D, o operator to both sides of the equation (7), we get

0o (J-t (¢ —s)h"(s)ds; x)
t
Dpo <f (t —s)ds; x)

1
Dy o(t —x;)| + IR 75 Dne((t - x)%%).

|D; o (h; x) — h(x)| = |D;,0((¢ — X)R'(x); )| +

< IRl

Dy o(t = x; )| + IRl

< Irll

So,

D, 6(h; x) — h(x)| < AllAll.
Using the above inequality, we obtain
Dy 6(g; %) — g(x)| = |D;; 5(g; %) — g(x) + D; 5 (h; x) — D; 6 (h; x) + h(x) — h(x)]

< llg = hll|Dye(1; ] + llg = hll +

Dy (h; x) — h(x)|
< 2(llg — hll + AllRID
= 25(g; Ay).

D o(g; %) — g(x)| < 2K (g; Ay (x)).

So the proof is finished.

D;o(g; 0)| < ligll.

(6)

(7

®)

©)
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